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Each compilation is led by its own Co-Editor, who is a leading scientist in that field, and who is responsible for overseeing the review process, selecting referees and making publication decisions for every manuscript. Introduction. -Reaction-diffusion models have been applied to model many biological and cross-disciplinary complex systems such as the Neolithic transition, viral infections or tumor growth (for recent reviews see [1, 2] ).
The change from hunter-gathering economics to farming (known as Neolithic transition) in Europe is widely regarded as an invasion of farmers from the Near East. This process has been analyzed in several studies using physical and mathematical models [3] [4] [5] [6] . A recent paper [3] presented a model to explain the slowdown of the Neolithic transition in Europe as higher latitudes were reached. It is known that the density of Mesolithic (i.e., hunter-gatherer) populations was higher at northern regions [7] , and the model in reference [3] includes the effect of encountering these pre-Neolithic populations both in the dispersion and the reaction (or population growth) processes.
Another cause that one could expect to have a noticeable effect on the slowdown of the Neolithic transition is the adaptation of agriculture to temperate climates. However, this effect was, in fact, minimal because, according to the archaeological findings by Coward et al. [8] , when establishing new settlements the Neolithic populations cultivated the more adaptable crops and simply dropped the less productive ones.
Some authors have also studied the effect of the geography on the front dynamics. Ackland et al. [9] stud-(a) E-mail: neus.isem@udg.edu ied this effect in terms of land fertility and obtained a decrease on the front speed when encountering mountains (regions of low fertility). In their model they assumed that the diffusion coefficient D and the growth rate a decreased at the mountains. However, we are not aware of any population data showing a decrease of a with altitude and ethnographical data show that, in fact, D increases in regions with low population densities [10, 11] , such as mountainous areas. On the other hand, Fort, Pujol and Vander Linden [12] have recently modeled the spread of the Neolithic in Europe taking into account the mountains as barriers, finding that the effect on the front speed is negligible at continental scale.
A simple and practical way of describing the evolution of the population density of farmers N (x, y, t) is by assuming that its variation after a generation time T is the sum of the variations due to dispersion and population growth. In such a model, the Neolithic population density at position (x, y)a n dt i m et + T would be
where the dispersion kernel φ(x, y; θ, Δ) gives the probability that an individual initially at (x − Δ x ,y− Δ y ) jumps a distance Δ in the direction θ during a generation time T , therefore reaching position (x, y), with Δ = Δ 2 x +Δ 2 y 58002-p1 N. Isern and J. Fort
. In a recent model for the slowdown of the Neolithic [3] , it was shown that if the jump distance Δ is proportional to the free space in the final location, then the dispersion kernel for the Neolithic population N can be written as
where M (y) is the Mesolithic population density (assumed independent of x for simplicity), M max is the Mesolithic saturation density (i.e., the maximum possible value of M (y)) 1 ,a n dψ(Δ) is a function dependent only on the jump distance Δ, normalized such that ∞ 0 Δψ(Δ)dΔ = 1. The last term in eq. (1) gives the variation in Neolithic population density due to population growth (reproduction minus deaths) during a generation time T . This can generally be expressed as a Taylor series
where F = ∂N ∂t | g is called the growth function and the subindex g stands for the growth (as opposed to dispersion) process.
The presence of indigenous populations has an effect also on the growth function F. This can be taken into account by noting that the free space available for Neolithic individuals is reduced by M/M max in addition to the usual logistic saturation term N/N max . It has been shown [3] that F in eq. (3) is then given by
where N is the Neolithic population density, N max the saturation density for the Neolithic population and a is called the initial growth rate for the Neolithic population. In reference [3] , in order to model the slowdown of the Neolithic front speed, the kernel (2) and the growth function (4) were applied to the evolution equation (1), from which the following equation for the front speed was found
w h e r ew eh a v ed e fi n e dã ≡ a(1 − M/M max )a n d D ≡ Δ 2 /4T .H o w e v e r ,e v e nt h o u g he q .
( 1 )i so f t e n used for population dynamics, it is not realistic to describe human populations. Indeed, eq. (1) describes a system in which, after a generation time T ,n e w individuals (children) will appear at (x, y) while the parent population has already moved to (x +Δ x ,y+Δ y ). However, although this behavior may be true for other species (like fish), human populations migrate with their 1 Alternatively, M can be interpreted as the local Mesolithic carrying capacity and Mmax as its maximum possible value. This alternative interpretation does not change any of the equations and results in the present paper. children (because the latter cannot survive on their own until adulthood). Thus, it has been stressed [1, 13, 14] that an evolution equation modeling this cohabitation between parents and children should better represent human population dynamics. For this reason, in fact population growth should be applied to the dispersed population rather than to the initial one, i.e., the new population (children) appear where parents have moved. Then eq. (1) is replaced by [1, 13, 14] N (x, y, t + T )=
Alternatively, instead of eq. (6) one could also write down a cohabitation model where the reaction takes place initially 2 , but they would both lead to the same front speed [13] . Equation (6) has been applied before [13, 14] but never using the non-isotropic kernel (2) and modified growth function (4) . In this paper we will find the front speed for eq. (6) using the kernel (2) and growth function (4) . We will apply the results to the slowdown of the Neolithic expansion in Europe and compare them with those from eq. (5) as well as with archaeological data. 
Now, since our aim is to find an expression for the front speed, we can apply that at the leading edge of the front the Neolithic population density is N ≪ N max .T h u s ,a t the front we can linearize the growth equation F , eq. (4), as follows:
We now Taylor-expand eq. (7) up to second order in space using the dispersion kernel (2) and the linearized approximation for the growth function (8) , and we find the following differential equation (which is valid at the 2 Then the last term in eq. (6) would be R[N (x − ∆x,y− ∆y,t)]φ(x, y; θ, ∆)d∆xd∆y.
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Cohabitation effect on the slowdown of the Neolithic expansion leading edge of the expanding front):
where again we have usedã ≡ a(1 − M/M max )a n dD ≡ Δ 2 /4T . To find the front speed we note that for t →∞ the spreading front can be considered as locally planar, thus for x =0 and y →∞ the local speed c is parallel to the yaxis [1] . We therefore look for constant-shaped solutions to eq. (9) with the form N = N 0 exp[−λ(y − ct)] as (y − ct) → ∞,w i t hc>0a n dλ>0. Since λ has to be real, we find that the front speed c satisfies
Equation (10) gives a lower bound for the front speed in our model. However, it is easy to apply variational analysis [15] to the differential equation (9) and derive an upper bound for the front speed, which is again given by the same expression as in eq. (10). Thus, the exact speed for the front speed is 3
Application to the Neolithic transition. -Here we will apply eq. (11) to the Neolithic transition in Europe and compare the front speeds predicted by this cohabitation equation with those from the non-cohabitation equation (5) and also with archaeological data.
Archaeological data have been used to estimate Neolithic front speeds within a rectangular region about 1300 km long and 400 km wide comprised between the Balkans and the North Sea (see fig. 1 in ref. [3] , which defines the region and the y-direction). We constructed a map of arrival times of the Neolithic in Europe by interpolating 765 early Neolithic dates published by Pinhasi [16] ( fig. 1 in ref. [3] ). The front speed was estimated by computing the areas within isochrones separated 250 years inside the region of study. Here we compare the absolute speeds calculated for this region to our new cohabitation model (11) and the previously known non-cohabitation model (5) (in contrast, ref. [3] only dealt with data for the relative speed c/c max , with c max =2 √ aD, and the non-cohabitation model (5)). In order to compare the predictions from the models with the archaeological speeds, we will take into account that the anthropological parameters appearing in the models have been estimated as a =0.028 y −1 [14] for the initial growth rate for farmer populations, T = 32 y [17] for the generation time and Δ 2 = 1531 km 2 [4] for the mean-squared displacement per generation. [20] . Lines: best fits for four possible models (eq. (12)) describing the variation of Mesolithic density.
The actual distribution of Mesolithic population in space, M (y), is unknown due to the methodological difficulties in estimating population densities from archaeological data [18] and the lack of comprehensive publications on the Mesolithic. Fortunately, however, the speeds (5) and (11) depend only on the relative density M (y)/M max (not on M (y)a n dM max separately), and archaeologists have stressed that it is reasonable to assume that the density of archaeological remains is proportional to that of the population [19] . Therefore, we can use relative densities of archaeological sites to estimate the function M (y)/M max , as necessary to apply eqs. (5) and (11) . For this purpose, we have used the records on the Mesolithic period from the Radiocarbon Paleolithic Database Europe [20, 21] . The density of sites has been computed at positions (values of y along the rectangle in fig. 1 in ref. [3] ) separated 130 km, by counting the number of Mesolithic sites within an area of 260 × 600 km surrounding each point 4 . Figure 1 shows the relative densities of sites obtained in our analysis (triangles), where M max is the maximum measured density (the Mesolithic database is available at [21] ). We have fitted these results to four possible models for the variation of M in space, Such functions were already proposed in ref. [3] , but they were not fitted to data in this reference. In contrast, fig. 1 includes the data (triangles) as well as the values of χ 2 (residual sum of squares) and Adj. R 2 (adjusted coefficient of determination, which takes into account the effect of the degrees of freedom due to the number of fitting parameters [22] ). Clearly, the S-shaped curve (M 4 in eq. (12)) is the model that provides the best approximation to the archaeological data for the Mesolithic population density, with the lowest value of χ 2 (χ 2 =0.22) and the highest value of the adjusted coefficient of determination (Adj. R 2 =0.82). Figure 2 shows the front speeds predicted by the noncohabitation speed (5) and the cohabitation one (11) when the spatial dependency of the Mesolithic population density M (y) is described by M 4 .I nt h i sfi g u r ew ec a n see that both equations for the front speed, (5) and (11) , predict that the speed of the Neolithic front decreases with increasing distance y, as expected because i)ã decreases as M increases and ii) the correction due to the nonisotropic dispersal kernel (second term in eqs. (5) and (11) ) is higher as M approaches M max . However, although both models lead to a similar behavior at large distances, for most of the range the front speeds predicted by the cohabitation equation (11) are substantially faster, up to 37%, than those from the non-cohabitation equation (5) . Moreover, by comparing the calculated speeds in fig. 2 with the archaeological data (squares), one can see that the new cohabitation equation (11) (full line) provides better predictions for the front speed (specially at southern regions, i.e.,l o w e rv a l u e so fy), and this conclusion is statistically confirmed for the whole range as it yields a lower value of χ 2 (and higher values of R 2 , see footnote 5 ) than the non-cohabitation equation (5) (dashed line) (χ 2 Cohab =0.72 km 2 /y 2 vs. χ 2 Non-cohab = 0.80 km 2 /y 2 ,a n dR 2 Cohab =0.80 vs. R 2 Non-cohab =0.78). Thus we conclude that the new cohabitation model is able to give a satisfactory explanation of the slowdown of the absolute speed, whereas the non-cohabitation model (dashed line in fig. 2) is only able to explain the relative speed c/c max ,w i t hc max =2 √ aD (see fig. 3 in ref. [3] ). Moreover, even though they provide poorer fits to the Mesolithic density, the other three curves (M 1 , M 2 and M 3 ) in fig. 1 do also yield better predictions for the cohabitation speed (11) than for the noncohabitation one (5) , thus reinforcing the conclusion that the cohabitation model can provide a satisfactory explanation of the absolute value of the speed as a function of distance (χ 2 Cohab =0.82 km 2 /y 2 vs. χ 2 Non-cohab = 0.88 km 2 /y 2 ,a n dR 2 Cohab =0.77 vs.
Non-cohab =0.88 km 2 /y 2 ,a n dR 2 Cohab =0.77 vs. R 2
Non-cohab =0.75 for M 2 ;a n dχ 2 Cohab =1.00 km 2 /y 2 vs. χ 2
Non-cohab =1.03 km 2 /y 2 ,a n dR 2 Cohab =0.72 vs. R 2
Non-cohab =0.71 for M 3 ). Before closing this section, it is worth to note that the S-shaped function M 4 provides not only the best fit to the Mesolithic population density (χ 2 and Adj. R 2 values in fig. 1 ), but it is also the curve that yields better predictions for the front speed (compare the values of χ 2 and R 2 in the main fig. 2 to those for M 1 ,M 2 and M 3 quoted in the previous paragraph).
Concluding remarks. -In this paper we have derived a new cohabitation reaction-diffusion equation for a population invading a range where there is a pre-existing, indigenous population which decreases the free space available for the newcomers, thereby diminishing their reproductive dynamics and opposing their dispersal capability. We have applied the new model to the slowdown of the Neolithic transition in Europe. The new cohabitation equation is more reasonable than non-cohabitation models when modelling human population dynamics, because it takes into account the fact that human populations migrate without leaving their children behind.
We have obtained an estimation of the variation of the Mesolithic relative population density from archaeological data and applied the results to the new cohabitation model as well as the previous non-cohabitation one. We have compared the results from both models for the slowdown of the Neolithic, and found that the new model leads to faster speeds, with substantial corrections (up to about 37%) relative to the previous, non-cohabitation model. Therefore, the cohabitation effect should be taken into account when analyzing the front dynamics of interacting human populations in general, not only for the Neolithic transition in Europe. Moreover, we have compared both the cohabitation and the non-cohabitation models with the absolute speeds obtained from archaeological data (as opposed to the relative speeds, already analyzed in ref. [3] ). This has lead us to the interesting conclusion that the new, cohabitation model (eq. (11)) provides a satisfactory explanation for the absolute speeds obtained from archaeological data, whereas the previous, noncohabitation model (eq. (5) and ref. 
